
 

 

 Review of Injury Risk 
Calculation Techniques 

 
AP-SP51-0036 

 
 

  
 
 
 
 
 
 Project no. FP6-PLT-506503 
 
 APROSYS 
 
 Integrated Project on  
 Advanced Protection Systems 
 
Intrument: Integrated Project 
 
Thematic Priority 1.6. Sustainable Development 
Global Change and Ecosystems 
 
 
 
 
 
 
 Due date of deliverance:  09/2006 
  
 Actual submission  date: 06/2006 
 
 
 
Start date of project: 1 April 2004 Duration: 60 months 
 
 
 
Transport Research Laboratory Limited (TRL) 
 
 
 
 
 Revision: Final. 

 
 



APROSYS Project Review of Injury Risk Calculation Techniques – FINAL  
AP-SP51-0036 

AP-SP51-0036  2/50 

 
European funded project 
TIP3-CT-2004-506503 
 
 
 
 

 
APROSYS SP5 

 
Review of Injury Risk Calculation Techniques 

 
 

Deliverable 5.1.2B 
 

AP-SP51-0036 
 
 
 

Confidentiality level: Consortium / Free / SP / Core Group / Others 
 
 
 
 
 

Rev
. 

Issuing 
date 

Pages Written by Visa Verified by Visa Approved by Visa 

A 26/06/06 

 

 

47 D Hynd 
B Sexton  
L Walter 

(TRL) 

�  

 

P Vezin �  Verriest 

Kellendonk 

�  

�  

Modifications  : 

B         

Modifications  :  

C         

Modifications  : 
 



APROSYS Project Review of Injury Risk Calculation Techniques – FINAL  
AP-SP51-0036 

AP-SP51-0036  3/50 

 Contents 

 
1.1 PARAMETRIC AND NON-PARAMETRIC INJURY RISK FUNCTIONS 5 

1.1.1 Parametric Methods 5 

1.1.2 Non-Parametric Methods 6 

1.1.3 Parametric versus Non-Parametric Methods 6 

1.2 EMPIRICAL INJURY RISK FUNCTIONS 7 

1.3 CENSORING 8 

1.4 DUMMY -SPECIFIC VERSUS HUMAN INJURY RISK FUNCTIONS 9 

1.4.1 Human Injury Risk Functions 9 

1.4.2 Dummy-specific Injury Risk Functions 10 

1.5 INDEPENDENT OBSERVATIONS 10 

2.1 PARAMETRIC INJURY RISK CALCULATION METHODS 11 

2.1.1 Introduction 11 

2.1.2 Logistic Regression 11 

2.1.3 Probit Analysis 12 

2.1.4 Comparison between Logistic Regression and Probit Methods 13 

2.1.5 Comparison of Different Parametric Distributions 14 

2.1.6 Notes on Confidence Limits 15 

2.2 SURVIVAL ANALYSIS AND NON-PARAMETRIC INJURY RISK CALCULATION METHODS 16 

2.2.1 Introduction 16 

2.2.2 Survival Analysis 16 

2.2.3 Kaplan-Meier 17 

2.2.4 Cox Regression 17 

2.2.5 Weibull Survival 18 

2.2.6 Consistent Threshold Estimate 18 

2.2.7 Discussion 19 

2.3 EMPIRICAL METHODS 20 

2.3.1 Background 20 

2.3.2 Mertz/Weber 20 

2.3.3 ‘Certainty Method’ 22 

3.1 INTRODUCTION 25 

3.2 DESIGN OF EXPERIMENTS 25 

3.2.1 Model 26 

3.2.2 Evaluation 27 

3.2.3 Results – Convergence 28 

3.2.4 Bias 29 

3.3 COMPARISON WITH THE CERTAINTY METHOD 32 



APROSYS Project Review of Injury Risk Calculation Techniques – FINAL  
AP-SP51-0036 

AP-SP51-0036  4/50 

3.4 EVALUATION OF THE CONSISTENT THRESHOLD APPROACH 33 

3.5 EVALUATION OF SURVIVAL ANALYSIS APPROACH 36 

3.6 EVALUATION OF ‘EXACT’  STATISTICAL METHODS 40 

3.7 CONCLUSIONS AND RECOMMENDATIONS 42 

 



APROSYS Project Review of Injury Risk Calculation Techniques – FINAL  
AP-SP51-0036 

AP-SP51-0036  5/50 

 

1 Introduction 

 
Crash test dummies (or anthropometric test devices – ATD’s) have been used to assess and develop 
the crash safety of motor vehicles for many years. The dummies are designed to have similar 
anthropometry (total mass, segment mass, segment length, segment moment of inertia, etc.) as the 
human population that they represent, for instance the 50th percentile male or 5th percentile female. 
They are also designed to have a similar response to impact loading as those human populations, that 
is to have good biofidelity, and to measure the response to that loading. The choice of measured 
parameters is made based on consideration of injuries and injury mechanisms in real world accidents. 
 
Assuming that the anthropometry and biofidelity design requirements have been met, it still remains 
to have an understanding of how measurements made on the dummy relate to the risk of injury to a 
human vehicle occupant in the same loading conditions, that is to derive an injury risk function. Most 
injury risk functions are based on volunteer and, primarily, PMHS (Post Mortem Human Subject) test 
data, with a few being based on scaled animal data or accident reconstructions. 
 
There are two basic methods that have been used for the derivation of injury risk functions: 
·  Develop a human injury risk function and use this directly with the dummy. This approach 

assumes that the biofidelity of the dummy, including the interaction between body regions, 
exactly matches that of the human population that the dummy represents, which is not usually the 
case. 

·  Develop a dummy-specific injury risk function. With this approach, human tests are replicated 
with the dummy and the dummy measurements are correlated with the presence or absence of 
injury in the human tests. This is the approach favoured by EEVC WG12 on Biomechanics and 
which has been used by previous EEVC Working Groups [EEVC, 1974; EEVC, 1976]. 

 
Both methods are limited by the use of PMHS to represent living humans. The response of the PMHS 
will not be the same as a living human of the same age and stature because of the lack of muscle tone, 
fluid pressure etc. in the PMHS. Some studies attempt to pressurise the vascular system and inflate the 
lungs, or to represent the action of key muscle groups with externally applied forces. These help to 
reduce the differences between the PMHS and a living human, but can never make them entirely 
equivalent. PMHS samples also tend to be elderly and it is known that the elderly have a lower 
tolerance to load than younger people, so their responses will not be representative of the population 
mean. 
 
Despite these limitations, these are the best approaches that are currently available for estimating the 
risk of injury in a particular loading condition. In order to estimate the risk of injury from the 
available data, a range of statistical and empirical techniques have been used in the literature. The 
different techniques can result in markedly different estimates of the risk of injury and there is no 
consensus on which may be the most appropriate to use. This document will review the techniques 
that have been used in the literature, along with some new small sample statistical methods, as a basis 
for a simulation study that will compare the different techniques and examine the efficacy of different 
experimental designs for biomechanical data acquisition. 
 

1.1 PARAMETRIC AND NON-PARAMETRIC INJURY RISK FUNCTIONS 
 

1.1.1 Parametric Methods 
Typically, statistical methods such as logistic regression, probit or Weibull analysis have been used to 
derive injury risk functions from biomechanical test data. These are known as parametric methods 
because the form of the risk function (such as Normal, log Normal or another distribution) is chosen 
a priori and the coefficients (or parameters) of the form are determined using methods such as least 
squares or maximum likelihood. If the chosen distribution is a good match for the population from 
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which the test sample is selected, quantitative statements about the population or the differences 
between populations can be made. For standard parametric procedures to be valid, certain underlying 
conditions or assumptions must be met, particularly for smaller sample sizes. Parametric injury risk 
functions will be investigated further in Section 2. 
 

1.1.2 Non-Parametric Methods 
If the chosen distribution for a parametric method is not a good match, the estimated risk function will 
be misleading. Di Domenico and Nusholtz [2003] give the example of a non-Normal risk function 
caused by considering multiple injury types in one series. Even if the risk function for each injury is 
Normal, the combined risk function may be non-Normal, as shown in Figure 1.1. Such a situation 
could arise if, for example, developing a risk function for thorax injury comprising both rib fracture 
and heart injury, where ribs may start breaking at relatively low compression levels for some 
individuals but the heart is not injured until large compressions where it is pressed against the spine. 
 

 
 
Figure 1.1: Combined risk function for two types of injury mechanism (from Di Domenico and 

Nusholtz [2003]) 
 
In contrast to parametric methods, non-parametric methods require no assumptions about the 
underlying distribution of the data; a non-parametric method will fit just to the data available. 
However, it is more difficult to interpret the resulting risk function as it is not continuous for the small 
samples typical in biomechanical testing. Due to the lack of parameters to describe the population, it 
is also more difficult to make quantitative statements about the differences between populations. Non-
parametric injury risk functions are discussed in Section 2.2. 
 

1.1.3 Parametric versus Non-Parametric Methods 
Some typical advantages and disadvantages of parametric and non-parametric methods are shown in 
Table 1. For both parametric and non-parametric methods, appropriate consideration of the censoring 
of the data must be made (see Section 1.3). 
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 Parametric Methods Non-Parametric Methods 

Advantages 

 
Quantitative statements about the 
population or the differences between 
populations can be made 
 
Good for small samples [Bland, 2000] 
 
Techniques are well developed and 
understood 
 
Techniques are easy to interpret 

 
Makes less stringent demands on the 
data 
 
A distribution assumption is not 
required 

Disadvantages 

 
Certain underlying conditions or 
assumptions must be met, particularly 
for smaller sample sizes 
 
Can’t be used for very small sample 
sizes (e.g. <6) unless the exact 
population is known 
 
Distribution must be known or at least 
an appropriate guess made: This is not 
an appropriate method if the distribution 
is not known 

 
Due to the lack of parameters to 
describe the population, it is more 
difficult to make quantitative statements 
about the population or the differences 
between populations 
 
Information is discarded - ranks 
preserve information about the order of 
the data, but discard the actual values 
 
Not continuous for small samples, 
which makes interpretation difficult 
 
If the assumptions for parametric 
methods are true, then using a non-
parametric approach loses statistical 
power 

 
Table 1: Advantages and disadvantages of parametric and non-parametric statistical methods 

 
 

1.2 EMPIRICAL INJURY RISK FUNCTIONS 
 
Biomechanical data sets are often small and the PMHS subjects can be highly variable due to age, sex, 
condition and so forth. This means that standard parametric statistical methods sometimes do not yield 
a statistically significant result. In addition, some statistically valid estimates of the risk function give 
a result that is not physically meaningful, such as a probability of injury at zero load that is greater 
than zero (see Figure 1.2). 
 
There are several interpretations of this sort of result: 
·  If the 95th percentile confidence limits bracket zero, then it is only the mean estimate of the 

probability that is not meaningful. There is still a better than one in twenty chance that the 
actual response is zero at zero input. 

·  It is unsafe to extrapolate beyond the sample range used. 
·  That the parameter under investigation is not appropriate as a predictor of injury risk. 
·  That confounding factors in the underlying data have not been identified and adequately 

controlled for. 
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Due to the inability of traditional statistical methods to deal with the very small sample sizes typical in 
biomechanics databases, several empirical techniques have been developed in an attempt to estimate 
injury risk. These techniques will be discussed in Section 2.3. 
 

 
 

Figure 1.2: Non-zero risk of injury at zero thoracic spine acceleration (from [Kuppa and 
Eppinger, 1998]) 

 
 

1.3 CENSORING 
 
A special source of difficulty in the analysis of biomechanical injury data is the possibility that some 
specimens that fail (i.e. are injured) may have been loaded to a level greater than their failure 
threshold, but that the difference between the threshold and the applied loading is not known. Equally, 
uninjured specimens may have been loaded to well below the threshold, but the difference is again not 
known. This has been described as censoring in the biomechanics literature [Koch, 1988]. The 
phenomenon is analogous to the censoring of survival in clinical trial data [Cox and Oakes, 1984] and 
care must be taken to ensure that appropriate statistical methods are used with censored data. 
 
Non-injury data are always censored as it is not possible to know how much additional dose would be 
required to generate an injury. This is known as right censored, because the threshold for injury for 
that specimen is to the right of the test load on a typical plot of applied load versus probability of 
injury. In biomechanical data sets, injury tests are often also censored; it is known that the applied 
force exceeded the injury threshold, but it is not known by how much the threshold was exceeded. 
That is, an injury was generated, but it is not known if just enough load or much more than enough 
load was applied to generate the injury for that specimen. This is known as left censored as the 
threshold for injury for that specimen is to the left of the applied load as shown on a typical plot of 
applied load versus probability of injury. Data that is both right and left censored is sometimes known 
as doubly censored. 
 
Some researchers have endeavoured to generate uncensored injury data by using additional methods, 
such as acoustic measurements of bone fracture [e.g. Funk et al., 2001], to determine the time of 
injury. In some cases this has proved to be very successful and has been used to determine the exact 
loading at the time of injury. This gives uncensored (often called exact or actual) data, and different 
statistical methods should be used. 
 
Note that it may be important to measure the time of fracture, through acoustic or other means, not to 
assume that a measured peak force corresponds to the time of a particular injury. Figure 1.3 and 
Figure 1.4 show the axial force-time history for footplate and tibia axial loads, along with the acoustic 
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signal giving the time of fracture (from Funk et al. [2001]). For example, if the footplate force were 
not measured, it may be assumed that the peak tibia force corresponded to the time of calcaneus 
fracture, but this would lead to a large overestimate of the fracture force (approximately 6 kN vs. 
2 kN). 
 

  
Figure 1.3: Axial force-time history and 

acoustic emission for a calcaneus fracture 
(from Funk et al. [2001]) 

Figure 1.4: Axial force-time history and 
acoustic emission for a tibia pilon fracture 

(from Funk et al. [2001]) 
 
 

1.4 DUMMY-SPECIFIC VERSUS HUMAN INJURY RISK FUNCTIONS 
 
As noted in the introduction to Section 1, two types of injury risk functions have been presented in the 
literature: human injury risk functions and dummy-specific injury risk functions. The two approaches 
are discussed below. 
 

1.4.1 Human Injury Risk Functions 
Human injury risk functions may be developed directly from PMHS test datasets. These human injury 
risk functions are sometimes used to determine injury threshold values for crash test dummies used in 
research, regulatory or consumer testing. However, the use of a human injury risk function with a 
crash test dummy assumes perfect biofidelity of the dummy, including the interaction between 
different body regions that may affect the overall response, which is not generally the case [EEVC, 
1974; EEVC, 1976]. 
 
Human injury risk functions have the advantage that exact data can be acquired for some injury 
criteria. For instance, if the time of injury is known from independent data such as acoustic recordings 
of bone fracture, then the exact force or compression for fracture can be determined for each 
specimen. There is also the advantage that matching dummy tests are not required. Aside from a cost 
saving during the initial testing due to not having to reproduce each test condition with a dummy, this 
removes the difficulty of repeating accurately old PMHS tests with each new design of dummy that is 
developed. The original equipment or laboratory is not always available for this task and the 
descriptions of the equipment and testing in the literature are not always sufficient to allow accurate 
reproduction of the test conditions. 
 
The development of human injury risk functions is useful for developing an understanding of human 
tolerance to loading, but is not so useful for guiding vehicle design unless the dummy biofidelity is 
perfect under all loading conditions under which the dummy may be used. If the dummy biofidelity is 
not perfect, the dummy measurements will not be a good representation of the loading to a human and 
the assessment of the risk of injury may not be accurate. This is the main limitation for using human 
injury risk functions with dummies [EEVC, 1974; EEVC, 1976]. It is also necessary that the 
measurements made on the dummy are equivalent to the measurements made on the PMHS. 
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1.4.2 Dummy-specific Injury Risk Functions 
The largest source of systematic error in the determination of injury risk functions, the use of PMHS 
mounted instrumentation, can be reduced through the use of matched dummy tests [Kent et al., 2001], 
where the dummy is tested in exactly the same loading conditions as the PMHS, and then the dummy 
measurements are compared with injury in the equivalent PMHS tests. This has a number of benefits: 
1. Instrumentation mounting points need not be identical in the dummy and PMHS. For instance, 
acceleration at the centre of gravity of the thorax may be measured in a dummy, but may only be 
approximated in a PMHS, e.g. by measuring T1 acceleration. 
2. Invasive instrumentation, such as a load cell, need not be fitted to the PMHS specimens. This 
eliminates the possibility that the instrumentation may affect the response of the PMHS or even 
modify the likelihood of injury (for instance, ribs may fracture at an accelerometer mounting site). 
3. If a criterion can be identified that allows a dummy to predict injury risk for restraint and impact 
conditions that span the range of conditions in which the dummy will be used, then the imperfect 
biofidelity of the dummy becomes less important. 
 
Developing dummy-specific injury risk functions has the disadvantage of adding cost to the 
development of a risk function, as dummy tests have to be performed to match the PMHS tests. There 
is also additional cost in the development of new dummies, as the process has to be repeated for each 
new dummy. However, the use of dummy-specific injury risk functions offers the possibility to 
improve the accuracy of injury prediction and therefore to guide vehicle design more accurately and 
deliver the predicted cost-benefit of new test procedures more reliably. 
 
Two approaches to developing dummy-specific injury risk functions have been described in the 
literature: 
·  Test dummy in the same conditions as the PMHS and compare dummy readings with injury in 

the PMHS tests. 
·  Use exact (or actual) data to develop a human injury risk function and then transform this to the 

dummy (i.e. a human injury risk function for ankle dorsiflexion injury was developed [Rudd et 
al., 2004] and transformed to the THOR-Lx by the ratio of the human and dummy ankle angle-
moment response). 

 
 

1.5 INDEPENDENT OBSERVATIONS  
 
For most parametric and non-parametric methods, it is essential that the observations are independent, 
i.e. that the results of one test do not influence the results of another test. 
 
There are circumstances where the statistical power of a study can be increased by using matched 
pairs of specimens, e.g. left and right legs, where the result of a test with one of the pair is used to 
decide the impact severity for the other specimen. Different techniques, taking into account the 
interdependence of these matched pairs, are available for when these circumstances occur; however, 
these methods will not be considered further in this report. 
 
 



2 Injury Risk Estimation Methods 

 

2.1 PARAMETRIC INJURY RISK CALCULATION METHODS 
 

2.1.1 Introduction 
Techniques involving the testing and or estimation of parameters (for example population means or 
proportions) of a set of data are called parametric techniques. These techniques rely on detailed 
assumptions about the nature of the population being sampled; in particular, that the distribution of 
the population that the sample is taken from is known. This is not often the case but as the sample size 
increases, better guesses can be made about the underlying distribution. 
 
The power of the statistical tests, given that the assumed distribution is correct, is greater than that for 
test where a distribution is not known. The more that is known or can be correctly assumed about a 
sample, the more appropriate the tests can be and thus better information can be achieved. 
 
Some advantages and disadvantages of parametric methods are shown in Table 1.  
 

2.1.2 Logistic Regression 
Regression is a family of parametric techniques used to determine whether a relationship exists 
between variables and how the variables are related. Simple linear regression is not appropriate in this 
case as this defines a straight line which, unless exactly horizontal, will predict meaningless values (in 
this case, proportions of failures) above one and below zero. A dichotomous outcome - a ‘yes’ or ‘no’ 
whether or not the subject has the characteristic of interest - implies that a logistic regression is 
suitable. The logit function of the proportion is used as the outcome variable. The technique allows 
more than one predictor variable within the analysis and confounding factors can be controlled for. 
The equations below show the logit transformation, and Figure 2.1 shows a logistic regression 
plotted with its original dichotomous outcome. 
 

p
p
-

==
1

oddsfailures of proportion  

)
1

log()(logit
p

p
p

-
=  

 
 
Logistic regression has been widely used in the impact biomechanics literature, e.g. Klopp et al. 
[1997], Kuppa and Eppinger [1998] and Jibril et al. [1998]. The logistic regression process produces a 
continuous sigmoid curve similar to that in Figure 2.1 which enables conclusions to be easily read 
from the axes. 
 
The general consensus is that this method is appropriate for large samples (a rule of thumb suggests 
that there should be at least 10 per group, and preferably 20 for each predictor variable [Bland, 2000]) 
and that it is a less reliable method for censored data than for uncensored data. Using this method for 
censored data may give a biased result because there is less precise information available in censored 
data - for example, it is known that the specimen was uninjured at 5 kN, but it’s failure threshold 
could be 5.01 kN or any other value greater than 5 kN. 
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Figure 2.1 Logistic regression curve 

 
 

2.1.3 Probit Analysis 
 
Probit analysis, short for probability unit and named by Chester Bliss in the 1930s, is an alternative 
method to logistic regression, yielding extremely similar results. Probit analysis was developed to 
evaluate the relationship between dose and response in biological systems [Finney, 1971]. The 
method is specific to the analysis of binary data, or ‘quantal’ data in probit terminology, and the focus 
of much of the development was to determine the efficacy of insecticides and fungicides. In most 
probit analyses, the binary responses are dead or alive. Probit statistical techniques are, however, 
applicable to other data, both biological and non-biological. Probit analysis has been used to develop 
injury risk functions in impact biomechanics for a number of years, e.g. Lowne and Wall [1976], 
Eppinger et al. [1984], Viano and Lau [1985], Mertz et al. [1991] and Hynd et al. [2003]. 
 
Instead of the log odds that the logistic regression uses, probit depends on the cumulative Normal 
probability distribution. The probit model is defined by  

)()1( bxxyPp F===  

where F  is the standard cumulative Normal probability distribution. 
 
This technique also allows more than one predictor variable within the analysis and confounding 
factors to be controlled. Interpretation of the probit model is not as transparent as the logistic model as 
it involves utilising Normal probability tables. The use of the Normal distribution necessitates the 
assumption that the probabilities of failure are Normally distributed, which is best estimated by testing 
several samples at the same response, even if this results in smaller samples. The suggested sample 
size is not less than 10 per group and preferably 20 - similar to the logistic method. The probit method 
itself is a Maximum Likelihood method leading to the most precise parameter estimators. 
 
Figure 2.2 shows the probit plot for the same data as Figure 2.1. The plots are extremely similar and 
are compared in Section 2.1.4. 
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Figure 2.2 Probit analysis curve 

 
 

2.1.4 Comparison between Logistic Regression and Probit Methods 
 
Figure 2.3 directly compares the logistic and probit curves for one set of data. It is clear that for this 
particular data set that the results are extremely similar. In fact the logistic regression and probit 
analysis methods produce very similar probabilities for all data sets except in the tails where the 
predicted probabilities are very small or very large. 
 

0

0.2
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0.6

0.8

1

Logistic Probit
 

Figure 2.3 Probit analysis and logistic regression comparison 

 
 
The two methods themselves, in particular the equations that generate the probabilities, appear 
initially substantially different. The probit analysis assumes an underlying Normal probability of 
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failure whereas the logistic method assumes a dichotomous outcome, but still has the concept of an 
underlying probability of failure. 
 
Traditionally, probit has been easier to interpret because the output is easier to convert to a probability 
by hand (using Normal probability tables) than is the case for logistic regression. However, modern 
statistics software packages convert to probabilities automatically, so there is little difference or 
advantage for injury risk analysis. Currently though, the favoured technique is the logistic regression 
as the outcome can be more simply interpreted as an odds ratio, and the techniques and tools are better 
developed and understood. 
 
Traditionally, probit analysis is used for designed experiments, whereas logistic regression is more 
appropriate for observational studies. However, the similar results show that this may occur for 
historical reasons only. 
 

2.1.5 Comparison of Different Parametric Distributions 
Many other distributions have been used to develop injury risk functions. For example two and three 
parameter Weibull (e.g. Ran et al. [1985], Cavanaugh et al. [1993] and Yoganandan et al. [1996]) and 
log-Normal (e.g. Hertz [1993]). 
 
Kent and Funk [2004] compared the fit of a range of commonly-used parametric distributions to seven 
biomechanical data sets taken from the literature. The distributions were the Normal, log-Normal, 
Weibull and logistic distributions and the analyses were performed using Minitab statistical software 
version 13.32. Table 2 shows the data sets analysed. 
 
Dataset Reference Number of 

Tests 
Stimulus Injury 

Outcome 
Data 

Censoring 
1 [Funk et al., 2002] 34 Axial force in the 

tibia (N) 
Foot/ankle 
fracture or not 

Right censored 
non-injury, 
exact injury 

2 [Kent et al., 2003] 93 Sternum deflection 
(%) 

>0 rib fractures 
or not 

Doubly 
censored 

3 [Kent et al., 2003] 93 Sternum deflection 
(%) 

>6 rib fractures 
or not 

Doubly 
censored 

4 [Kent et al., 2001] 60 PMHS, 
33 Hybrid-III 

Hybrid-III internal 
chest deflection 
(mm) 

AIS 3+ rib 
fractures or not 

Doubly 
censored 

5 [Duma and 
Crandall, 2000] 

13 Particle energy (J) Corneal 
abrasion or not 

Doubly 
censored 

6 [Duma, 2000] 17 Axial force (5th 
female Hybrid-III) 
(N) 

‘Injury’ ranged 
from AIS 1 to 3 

Doubly 
censored 

7 [Duma, 2000] 27 Axial force (5th 
female Hybrid-III) 
(N) 

‘Injury’ ranged 
from AIS 1 to 3 

Doubly 
censored 

 
Table 2: Datasets used to compare parametric and non-parametric injury risk models (from 

[Kent and Funk, 2004]) 
 
 
The injury risk functions for all seven datasets were essentially identical over the range of the input 
data, regardless of the method used, with some variation below the lowest dose (i.e. where there is no 
information available). The 95% confidence limits were also very similar for the five larger datasets 
over the range of the input data. The two smallest datasets (13 and 17 tests respectively) showed some 
variation in the 95% confidence limits even within the range of the data. As shown in Figure 2.4, 
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dataset 1 had very narrow confidence limits even though the size of the dataset was modest at 34 tests. 
This was probably due to the inclusion of exact injury data, which contains more information than 
censored injury data and can therefore give a more precise estimate of the risk function. 
 

  
Figure 2.4: Comparison of parametric and 

non-parametric models from dataset 1 (from 
[Kent and Funk, 2004]) 

Figure 2.5: Comparison of parametric and 
non-parametric models from dataset 2 (from 

[Kent and Funk, 2004]) 
 
 
This study showed that no particular parametric distribution was consistently more appropriate than 
any other, for the biomechanical datasets considered. Differences between the parametric distributions 
were greatest at the tails. Based on these results, it was concluded that ‘it is typically unnecessary to 
evaluate different parametric distributions when modelling a new set of data since biomechanical tests 
usually are of insufficient quantity to differentiate between parametric forms. An exception may exist 
in studies with a large amount of data or in cases where the injury type changes as a function of 
stimulus level (i.e. where the risk curve is potentially discontinuous)’. 
 

2.1.6 Notes on Confidence Limits 
Confidence limits should always be given, but are often not (e.g. [Hertz, 1993]). This may be because 
the statistics package will not give 95th confidence limits if the goodness of fit of the mean estimate to 
the data is poor. This may be due to a number of reasons: 
·  The assumed underlying distribution is inappropriate; 
·  There are confounding factors in the data that should be controlled for but which have not been 

included in the analysis; 
·  … 
·  … 
·  The injury criterion does not correlate well with the observed injuries. 
 
This last reason is possible for PMHS data being compared with an injury criterion based on e.g. live 
animal testing, accident reconstruction and so forth. It is also possible where there is a real correlation 
between the injury criterion and the injury (for the population), but where bias in the sample masks 
this effect. This may be systematic (e.g. elderly specimens with bone deterioration, lack of muscle 
tone…) or random (which is more likely to be a problem with small samples than with large samples). 
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2.2 SURVIVAL ANALYSIS AND NON-PARAMETRIC INJURY RISK CALCULATION METHODS 
 

2.2.1 Introduction 
If the assumptions of a known distribution are not tenable then a non-parametric technique is required. 
For example the Wilcoxon Mann Whitney test might be used instead of a t-test if the differences 
between groups are not Normally distributed [Bland, 2000; Cox, 1972]. With a reasonably large 
sample size (n > 30) it is likely that estimated parameters (e.g. the sample mean) will be normally 
distributed, which justifies the use of parametric methods. Complications are added if the injury risk 
function to be developed depends on several injury mechanisms. For instance, if developing an injury 
risk function for the thorax, combining rib fracture, lung injury and heart injury, any assumed 
distribution could be erroneous. Even if all the separate distributions can be assumed to be Normal, 
this assumption about the joint distribution may not be valid. It is advisable to model each mechanism 
separately then bring them together for the interpretation. 
 
Non-parametric tests will commonly be more powerful at determining population differences in non-
Normal data. Advantages and disadvantages of parametric methods are shown in Table 1. 
 

2.2.2 Survival Analysis 
Survival Analysis was developed in medical research to analyse times between two well defined 
events (for example, diagnosis and death in a cancer study or treatment and conception in fertility 
treatment studies). A common feature of survival data is its censoring. Data points are censored at a 
time t if no more information is available after t. In a medical trial, for example, censoring can take 
several forms: patients may drop out of the study; die from another, unrelated cause; or the study may 
end. Censored data requires special techniques and Survival Analysis groups these techniques into 
parametric (assuming for example, an exponential or Weibull distribution - e.g. Cox and Oakes 
[1984]); semi parametric (e.g. Cox [1972]) or non-parametric (e.g. Kaplan- Meier [1958]). 
 
Survival data can be pictured as in Figure 2.6. Each subject, shown as a separate line, fails or is 
censored at a point in time defined by the x-axis. 

  

Figure 2.6 Survival analysis plot 

Time  

�  fail          �  not fail  
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Because of its ability to deal with censored data, Survival Analysis, and particularly parametric 
Survival Analysis, has been suggested and indeed used to analyse biomechanical data. Conclusions 
are drawn in Section 3.5 as to whether this is a suitable method or not. 
 

2.2.3 Kaplan-Meier 
The Kaplan-Meier technique (or product limit estimator - [Kaplan and Meier, 1958]) is a non-
parametric technique (i.e. no assumptions are made about the distribution of the data) which estimates 
the proportion of subjects surviving (not failing) up to a time t. 
 
The Survival function S(t)is defined by  
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The interpretation of the survival function S(t) is the proportion of subjects that survive (or do not fail) 
up to time t. 
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Figure 2.7 Kaplan- Meier step function 

 
The method produces a decreasing step function (see Figure 2.7) starting from one. A small sample 
size causes large jumps in the graph but as the sample size increases the step function approaches a 
smooth survival curve. A smooth curve enables determination of the Survival probability i.e. the 
proportion of subjects that survive (or do not fail) at least to a time t. An injury risk function would 
take the form 1 - S(t). 
 

2.2.4 Cox Regression 
One type of semi-parametric Survival Analysis method is the Cox proportional hazards model [Cox, 
1972]. It is semi-parametric as the covariates are assumed to have a known distribution (parametric) 
and the time variable distribution is not known (non-parametric). This multivariate method assesses 
the interdependence of the covariates (e.g. age, sex or height) within the model. 
 
Cox regression is governed by the equation: 
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)exp()(),( 0 xthxth Tb=  

where )(0 th is the baseline hazard, x are the covariate values and b is the regression value. The hazard 

function h(t,x) is interpreted as the instantaneous failure rate or proportion of subjects that die per time 
unit. 
 
The Kaplan-Meier curve can be used to graph this data, usually distinguishing between several 
groups. Figure 2.8 plots the Kaplan-Meier curve for two groups. It is easy to see differences between 
groups with this method. 
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Figure 2.8 Kaplan Meier curve with one binary covariate 

 
 

2.2.5 Weibull Survival 
Weibull Survival analysis is a member of the parametric group of Survival Analysis [Cox and Oakes, 
1984]. Clearly the assumption is that the data has a Weibull distribution. The method allows for 
censored data. The Survival function is defined by: 

)exp()( al ttS -=  
where l  (the scale parameter) and a (the shape parameter) are estimated from the data: 




=

a

d
l

i

i

t
ˆ  

and id  and it  are defined in Section 2.2.3. With a parametric method the added advantage is that a 

smooth curve is produced, similar in appearance to the logistic curves in Section 2.1.2, which allows 
determination on a continuous scale of the Survival probability i.e. the probability that a subject will 
survive up to a time t. This method (and all other parametric methods) is, of course, not accurate if the 
assumed distribution is incorrect. 
 
Weibull survival analysis has been used in a number of recent impact biomechanics papers such as 
Kennedy et al. [2004], Kent and Funk [2004], and Rudd et al. [2004]. 
 
 

2.2.6 Consistent Threshold Estimate 
The Consistent Threshold method is a non-parametric Maximum Likelihood method generating a step 
function of risk probabilities. Several forms of the technique deal with combinations of doubly, right 
or left censored and exact data. The proof of this full method is detailed in Turnbull [1974]. 
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DiDomenico and Nusholtz [2003] outline two forms of this method: the simplified version for doubly 
censored data and the Extended Consistent Threshold for a mixture of doubly and exact data. 
 
The majority of biomechanical injury data is doubly censored so DiDomenico and Nusholtz’s 
simplified version can be applied. 
 
Define kd = number of deaths and, kl = number of losses at a series of discrete times or forces kt  then 

kk

k
k ld

d
R

+
='  

 
The Consistent Threshold is reached by replacing 1k1k d with  and l with ++ ++ kkkk ddll  if 

1'' +> kk RR  until nRR ,...1  is a monotonically decreasing series. The points of the step function 

(Figure 2.9) are then defined by the values of the Consistent Threshold. As the sample size increases 
the step function tends towards a smooth curve; however, with a small sample size, the step function 
has large steps and thus interpretation of survival probabilities is difficult or impossible. 
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Figure 2.9: LLBT Leg injury data, probit (with 95 %  confidence intervals in magenta), CT 
estimates (cyan), and CT estimates with overlaid risk function as described by Di Domenico and 

Nusholtz [2003] 
 
The accuracy of this model for biomechanical injury data is investigated in Section 3.4. 
 
 

2.2.7 Discussion 
If a parametric test and a non-parametric test are both applicable to the same set of data, the more 
efficient parametric method should be used [Walpole and Myers, 1993]. However, if the assumptions 
about the underlying distribution of the population from which the sample is taken cannot be justified 
then parametric methods may be useful. It should be noted that the loss of power in non-parametric 
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methods, compared with parametric methods, means that larger sample sizes are required for non-
parametric studies [Walpole and Myers, 1993]. This was also stated in Bland [2000], Section 12.7: 
 

‘There is a common misconception that when the number of observations is very small, 
usually said to be less than six, Normal distribution methods such as t tests and regression 
must not be used and that rank methods should be used instead. I have never seen any 
argument put forward in support of this, but inspection of Tables 12.2, 12.6, 12.8 and 
12.9 will show that it is nonsense. For such small samples rank tests cannot produce any 
significance at the usual 5 % level. Should one need statistical analysis of such small 
samples, Normal methods are required.’ 

 
Prob that T �  the tabulated 

value 
Prob that T �  the tabulated 

value Sample size n 
5% 1% 

Sample size n 
5% 1% 

5   16 30 19 
6 1  17 35 23 
7 2  18 40 28 
8 4 0 19 46 32 
9 6 2 20 52 37 
10 8 3 21 59 43 
11 11 5 22 66 49 
12 14 7 23 73 55 
13 17 10 24 81 61 
14 21 13 25 90 68 
15 25 16    

 
Table 3: Two-sided 5% and 1% points of the distribution of T (lower value) in the Wilcoxon 

one-sample test (from [Bland, 2000]) 
 
 
Kent and Funk [2004] noted that, ‘It is also concluded that a non-parametric model, while the best 
representation of the data at hand, is not necessarily the best representation of risk for a larger 
population since it underestimates injury risk at the low end and overestimates risk at the high end.’ 
 
 

2.3 EMPIRICAL METHODS 
 

2.3.1 Background 
As noted in the introduction (Section 1.2), a major problem with the development of injury risk 
functions for anthropometric test devices over many decades has been the small size of many of the 
data sets from which the injury risk functions can be derived. Standard large sample parametric 
statistics sometimes give a mean estimate of the dose-response relationship that does not go through 
zero (see Figure 1.2). That is, the mean estimate gives a positive risk of injury for zero applied load. 
This may be difficult to interpret when deciding on a threshold value for an injury criterion. As a 
result, a number of empirical methods have been developed in an attempt to make better use of the 
limited biomechanical data that is available. Several of these methods are discussed below. 
 

2.3.2 Mertz/Weber 
The Mertz/Weber method [Mertz and Weber, 1982] is described in detail in Appendix A. It is 
described as a ‘simplification of the Median Rank method that is used to estimate the cumulative 
distribution function for the life expectancy of samples that have been tested to failure (uncensored 
data)’. In essence, the lowest value associated with specimen failure (the weakest known specimen) 
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and the highest value associated with specimen non-failure (the strongest known specimen) are 
selected as being representative of the threshold values. An assumed distribution is then fitted 
between these two points. For example, if a normal distribution is assumed, a straight line is plotted 
between the two selected data points (on a probability scale). 
 
They noted that the accuracy of the method is dependent on having knowledge of the form of the 
cumulative distribution function and the ability of the investigator to conduct tests to determine the 
weakest and strongest specimens of the sample. The method allows the investigator to select and test 
specimens to obtain estimates of the threshold values for the weakest and strongest specimens. In 
other words, the investigator is encouraged to break the requirement that observations are independent 
by selecting the test dose based on how strong the specimen looks. 
 
The Mertz/Weber method was evaluated in the SID-2000 EC project [Hynd et al., 2000], from which 
the following comments are taken: 
 

‘This method [Mertz and Weber, 1982] assumes that the tolerances follow a normal 
distribution, but calculates the parameters for the normal curve in a different way from 
the usual statistical method of maximum likelihood. The approach is as follows: let m be 
the smallest dose value in the sample that produces a fracture (i.e. the weakest subject) 
and M be the largest dose in the sample that gets no response (i.e. the strongest subject). 
Then the mean of the distribution is estimated as (M+m)/2. The variance is estimated 
based on the assumption that a sample of size n from a normal distribution resulted in a 
range of M-m; this is done using tabulated factors that give the expected range as a 
function of the distribution standard deviation and the sample size. 
 
‘This method is not based on statistical theory and it is felt that if the tolerance levels 
follow a normal distribution then a statistical technique such as maximum likelihood 
should be used to estimate the parameters (i.e. probit regression).’ 

 
Hertz [1993] showed very similar risk functions for HIC vs. skull fracture for Normal, logNormal and 
Weibull (c.f. the comparison of parametric results in Section 2.1.5), giving approximately 40% to 
45% risk of skull fracture at a HIC of 1000. Hertz also showed the Mertz/Weber function for the same 
data, which gives a risk of <20% at the same HIC level (see Figure 2.10). This clearly shows the 
misleading effect of using a method not based on statistical theory. 
 
Mertz et al. [1996] note the intention of the authors (of Mertz and Weber [1982]) to estimate the 
fracture threshold for the adult driving population given the PMHS results, not estimate the fracture 
threshold for the PMHS sample. He notes that many of the PMHS had poor bone condition factors 
that biased the PMHS sample towards the weaker portion of the adult population and that the 
Mertz/Weber method was specifically chosen by Prasad and Mertz to compensate for this bias. It is 
most unlikely that the Mertz/Weber method actually does this. It is possible that they could select the 
‘strong’ sample and declare it representative of the population, which together with the steeper curve 
may be close. However, this would be conjecture. 
 
In conclusions, using only two data points is perhaps an unusual way to try and solve the problem of 
small data sets. The method has been used in the biomechanics literature, although not widely, but it 
is not recommended for further use. The low usage means that it is not considered in the simulation 
section of this report (see Section 3). 
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Figure 2.10: Skull fracture probabilities using the Mertz/Weber method (NRM), Weibull 
distribution (WEIB), LogNormal distribution (LGNRM)  and Normal distribution (NRMML), 
from Hertz [1993] - reprinted with permission from the Association for the Advancement of  

Automotive Medicine © AAAM 
 
 

2.3.3 ‘Certainty Method’ 
The ‘certainty method’ [Mertz et al., 1996] was described in detail and analysed in the EC project 
SID-2000 [Hynd et al., 2000]. The method makes the pragmatic assumption that if a specimen was 
uninjured at a particular dose, then it would be uninjured at all lower doses. It is not possible to say 
whether the specimen would be injured or uninjured at higher doses (conventional censoring). 
Similarly, if a specimen is injured at a particular dose, then it would be injured at all greater doses. It 
is not possible to say whether the specimen would be injured or uninjured at lower doses. Strictly, this 
ignores the probabilistic aspect of the event (injury or non-injury), but it does make sense physically. 
 
However, for each uninjured subject, the subject is counted at the level at which it was tested, as well 
as at all lower severities that happen to be in the data set being used. Injured subjects are treated 
similarly. In effect, most subjects are counted many times and the effect is to generate a much larger 
data set than one started with. This artificially enlarged data set is then analysed with a conventional 
statistical method, typically logistic regression. A typical original data set and the artificially enlarged 
data set are shown in Figure 2.11 and Figure 2.12 (original data set from ISO WG6 document N498). 
It is clear that not only is the data set enlarged (210 points versus 27 actual data points in this 
example), but that the new data has been biased towards the extremes. This means that the high-dose 
end of the scale is biased by the particularly weak specimens that failed at low doses and that the low-
dose end of the scale is biased by the particularly strong specimens that survived at high doses. The 
affect of this on the resulting injury risk function is shown in Figure 2.13. Typically, the certainty 
method overestimates the dose required for a particular risk of injury where the risk is less than 50%, 
as would typically be used in a regulatory or consumer test protocol. Nusholtz and Mosier [1999] note 
that this is due to discarding data that is not ‘certain’, but it seems to be more likely to be due to using 
most data points more than once in the analysis. 
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Figure 2.11: Adjusted number of fractured ribs 
(NFRadj) 4+ versus rib compression - raw data 
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Figure 2.12: Adjusted number of fractured ribs 
(NFRadj) 4+ versus rib compression - raw data 

+ ‘certainty’ data 
 
 

Comparison of CM and Probit

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 10 20 30 40 50 60

Rib Displacement (mm)

P
ro

ba
bi

lit
y 

of
 N

F
R

ad
j 4

+
 In

ju
ry

Raw Data

Probit from raw data

Certainty method

 
 

Figure 2.13: Comparison of probit injury risk funct ion and ‘certainty’ injury risk function for 
the same biomechanical data set 

 
 
It is interesting to note the affect of using the ‘certainty’ method on a data set know to have a 50% 
probability (e.g. of injury) at all doses (see Figure 2.14). A similar result can be shown for entirely 
random data. As a result of these considerations this method is not recommended. However, the 
method is widely used, particularly for ISO injury risk functions (e.g. ISO [2005]) and so is given 
further consideration in the simulation section of this report (see Section 3). 
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Figure 2.14: Probability of response for a small sample of data (with an actually probability of 

response of 50% at all doses) using the ‘certainty’ method. 
 
 
 
 
 
 



3 Injury Risk Simulations 

 

3.1 INTRODUCTION 
 
This section reports on a number of simulated studies. These have been used to determine the most 
efficient strategy when conducting dose-response experiments, especially when the sample size is 
small. The main advantage of simulation is that the actual dose-response relationship is known, hence 
it is always possible to compare the output from using a particular model with the actual relationship. 
The final sub-section suggests a recommended approach when planning small sample injury-risk 
experiments. 
 
The simulation study attempts to answer the following questions: 

·  What is the minimum sample size to use in a study 
·  How likely is the analysis to converge to a solution 
·  What level of bias may exist 
·  What experimental design should be used 
·  What analytical approach should be used  

 
It is not tenable to conduct large numbers of experiments in order to determine the best approach and 
so the only practical alternative is to use simulations. They have the advantage of being able to vary a 
large number of potentially influencing factors and the actual underlying dose-response model is 
known. They can also be repeated many times in order to determine: 
·  the precision of the approach,  
·  the extent of bias in the solutions and  
·  the probability of the solution converging 
 
The efficiency of an experiment designed to estimate an injury risk relationship (i.e. a dose-response 
model), depends on: 
·  the sample size 
·  the sample design 
·  the nature of the underlying causation mechanism(s) 
 
In order to investigate the effectiveness of estimating a known load versus response relationship, a 
range of sample sizes and sampling designs were simulated and used to fit logit and other models.  
 
Given, that in the field of injury risk calculations, there have been several alternative approaches 
suggested for determining dose response models then a limited comparison (generating 100 
simulations) has also been made with the ‘certainty’ method, the ‘consistent threshold’ approach and 
fitting survival curves.  
 
 

3.2 DESIGN OF EXPERIMENTS 
 
The experimental design and the sample size will affect the likelihood of convergence and the extent 
of any bias in the results. This section explores a range of samples sizes and experimental designs. It 
considers a range of different dose-response situations and experimental designs across a number of 
sample sizes (from 10 to 100). These have been replicated 1000 times and the results used to look at 
bias and convergence when using logit models.  
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3.2.1 Model 
The models simulated data sets which covered varying ranges of load values, see Figure 3.1, which 
either : 
 
·  No relationship between load and response, i.e. a zero slope. 
·  Covered just the middle of the response range, thus showing just a linear relationship of load 

and response 
·  Perfectly covered the range of loads where the response relationship was operating, thus 

showing an ‘S’ shaped relationship of load and response 
·  Covered a range of loads far in excess of the response range, thus showing a steep ‘S’ shaped 

response curve with long tails of either zero or 100% response 
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Figure 3.1: The distributions modelled in this study 
 
 
For the main set of simulations the data values were all centred on a load of 5 with values generated 
for load values of 1, 3, 5, 7 and 9. Replicates at each of these values were generated for between 2 and 
10 pseudo-subjects per data load values thus generating from 20 to 100 pseudo-subjects. 
 
A number of sampling strategies were investigated: 
 
·  A fully balanced design with equal numbers per load value 
·  An adaptive strategy where the second of a non-matched pair of values depended on the 

outcome from the first in the pair – one specific adaptive strategy was simulated, clearly there 
many potential candidates and further work is required to investigate others 

·  A biased sample of values towards the lower end of the response distribution 
·  A biased sample towards the upper end of the response distribution 
 
The distribution of load values generated depended on the strategy being investigated. The fully 
balanced design had equal numbers of load points. The adaptive design had pairs of subjects, if the 
first of the pair failed then the load for the second in the pair was decreased otherwise it was 
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increased. The loads for the bias to the lower end of the distribution only used loads of 1, 3 and 5 and 
for the upper end of the distribution used loads of 5, 7 and 9. 
 
Further simulations were also run using a randomised load value in the range 1 to 9 for the ‘balanced’ 
design, randomised load values 1 to 9 for the adaptive design for just the first of the pair, using loads 
of 1 to 4 for the low load design and loads of 6 to 9 for the high load design. The load values used 
thus covered more points on the load scale. 
 
The model used in the simulations is represented by the following equations: 
 
z = � + �  . load + noise�
 
with the probability of failing Pr(fail) = 1/ (1 + exp(-z)) 
 
�  and �  are varied in order to achieve the required probability distribution, and the noise introduces 
some Normally distributed random variation. 
 
The simulation generated a random number between 0 and 1 and if this was less than the computed 
probability then the trial counted as a fail otherwise it was a pass, i.e. either a fracture or not in the 
case of loading femurs. 
 
The number and range of simulations computed for logit models are summarised in Table 4. A logit 
model was used as it was the simplest to implement for such a large number of simulations. However, 
similar simulations using probit models demonstrated very similar levels of convergence, bias and so 
forth, and very similar overall results and conclusions would be expected. 
 

Range of load values used in simulation 

Sample design No relationship 
model 

Just the middle of 
response range 

Covering the 
response range 

Extending beyond 
the response 

range 
Balanced design 10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
Adaptive design 10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
10, 20, 30, 40, 50, 

100 
Bias sample to 
upper end of load 
range 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

Bias sample to 
lower end of load 
range 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

10, 20, 30, 40, 50, 
100 

 
Table 4: Simulation designs and sample sizes (1,000 simulations per combination) 

 
 

3.2.2 Evaluation 
The generated data for every strategy and sample size was replicated 1,000 times. Every set of data 
was analysed (and generated) in SAS using the logistic regression procedure. Not all of the analyses 
converged to give a solution. The results from the simulation were stored together with an indication 
if the analysis had converged. 
 
In order to determine which sampling strategy or sample size best estimated the underlying (known) 
relationship between the load and the probability of failure some criteria measure was required. Two 
measures were calculated: the average bias in the derived parameters (�  and � ) and the number of 
converged runs across all 1,000 replications.�
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3.2.3 Results – Convergence 
The number of analyses that converged out of the 1,000 generated per combination of sample size and 
design for the initial set of simulations are plotted in Figure 3.2. 
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Figure 3.2: Convergence – (load points at 1, 3, 5, 7 and 9) 
 
 
The plots show that there is not very much difference between the sampling strategies, but that the 
adaptive procedure generally converged more rapidly. 
 
The model with data points extending beyond the response range was also run with more load points 
which, not surprisingly, considerably increased the number of convergent solutions. The pattern of 
convergence by sample size was similar to that as shown for the graph where the loads points were 
perfectly selected. This indicated how important it is to plan trials such that they span the appropriate 
load levels in the underlying response model. 
 
The convergence results for using a randomised allocation of load values for the model with data 
points extended beyond the response range and model with data points perfectly selected for the 
response range relationship cases is shown in Figure 3.3. The noise was increased for these runs to an 
SD of 0.4. It shows that the adaptive design is most likely to converge and that sampling at the tails of 
the load response relationship (i.e. biased to the upper or lower tail of the response distribution), does 
not lead to good convergence even for large samples when the relationship is strong. 
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Figure 3.3: Convergence – runs using more load points (randomly allocated) 
 
 
The general message seems to be that samples of 30-40 or more are required in order to have a 
70-80% chance of the analysis converging to a solution. The range of data values should cover the 
response range where there is information, i.e. the probability of pass/fail ideally should be in the 
range 0.1 to 0.9. Samples of only 20 may be adequate when there is no relationship or only a model 
with data points in just the centre of the response range. This suggests that if the response range can 
be determined (guessed) fairly well then it may be tenable to run a trial with as few as 20 subjects and 
have an 80% or greater chance of the analysis converging. Unevenness in the plots occurs at around a 
sample size of 40 because it was generated from simulations, i.e. it is an empirically derived plot and 
subject to variations due to the random sampling approach used. 
 

3.2.4 Bias 
Bias in the estimated parameters reduces with increasing sample size. Bias has been calculated as the 
percentage difference from the average estimated slope to the actual slope for the dose-response 
model. A positive bias indicates the slope has been over-estimated, i.e. is too steep and a negative bias 
that it is too shallow. For example, Figure 3.4 shows the average expected slope is too low (less than 
the actual parameter of -1) for a sample size of 10 per simulation and then slightly too high for larger 
samples. 
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Figure 3.4: Average slope estimates for the balanced data set covering the response range (with 

actual value, estimated value and the 95% confidence interval) 
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The bias of the average slope corresponds to the second column of bias figures in the first section of 
Table 5, i.e. the -24.6%, -1.3% etc. The impact on the dose-response curve using different averaged 
sample sizes can be seen in Figure 3.5, where the curve corresponding to sample size of 10 is clearly 
more shallow a relationship than the actual response curve. The response curves for other samples 
reproduce the actual curve quite well. 
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Figure 3.5: Dose response curves from the average parameters using the balanced model with 
data covering the response range for a range of sample sizes 

 
 
The size of the bias can be judged from Figure 3.6 and is greater where there is a model with data 
points extending beyond the response range. Sample sizes of 20 subjects would be adequate to 
obtained un-biased estimates where the data points were just in the centre of the response range, 
however samples of a 100 may not be adequate with a model with data points extended way beyond 
the response range. Small sample sizes tend to lead to an under-estimation of the parameter values. 
The design and spread of the load values also affect the bias. 
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Figure 3.6: Percentage bias on slope estimate for first set of balanced and adaptive strategy 

simulations 
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In particular the bias was larger (for a given sample size) when the sample focused on just low or just 
high load values, i.e. in the tails of the response distribution. There was no particular evidence that the 
adaptive design introduced more bias when the data points selected for the response range / model 
extended beyond the response range, but using an adaptive design to estimate a model with data 
points in just the centre of the response range relationship introduced considerably more bias than for 
a balanced design. 
 

using only loads 1,3,5,7,9 – (1st set) loads 1-9 randomised – 
(2nd set) % bias on slope estimate 

Load range Load range 

design sample 

model with 
data points 
in just the 

centre of the 
response 

range 

model with 
data points 
perfectly 

selected for 
the response 

range 

model with 
data points 
extended 

beyond the 
response 

range 

model with 
data points 
perfectly 

selected for 
the response 

range 

model with 
data points 
extended 

beyond the 
response 

range 
10 19.0% -24.6% -57.1% -11.2% -40.7% 
20 14.5% -1.3% -42.2% 10.6% -19.2% 
30 12.0% 4.8% -34.2% 16.8% -6.6% 
40 7.0% 7.4% -27.7% 13.2% 0.6% 
50 6.0% 9.1% -23.4% 8.8% 2.3% 

balanced 

100 1.0% 6.1% -12.5% 4.1% 5.8% 
10 45.0% -21.8% -55.5% 0.4% -32.7% 
20 32.0% 0.4% -38.6% 17.8% -8.9% 
30 17.0% 7.9% -30.1% 18.9% 0.9% 
40 14.5% 10.3% -24.8% 12.7% 6.3% 
50 12.5% 9.7% -21.3% 10.1% 8.1% 

adaptive 

100 4.5% 5.7% -8.9% 2.9% 6.1% 
10 7.5% -37.8% -64.7% -41.7% -65.1% 
20 14.0% -6.9% -44.6% -14.0% -65.5% 
30 14.5% -0.9% -36.5% -4.0% -55.2% 
40 7.5% 4.9% -32.4% 2.7% -50.2% 
50 5.0% 6.2% -24.8% 5.1% -42.9% 

low loads 
1,3,5 (1stset) 
 or 
1,2,3,4 (2nd set) 

100 -2.0% 5.4% -12.8% 7.8% -27.7% 
10 -16.0% -36.7% -65.7% -44.7% -80.4% 
20 19.5% -12.6% -45.4% -18.0% -62.7% 
30 15.5% -1.2% -37.4% 1.2% -56.0% 
40 11.0% 3.4% -32.8% 1.2% -48.2% 
50 6.5% 5.7% -28.8% 4.3% -43.9% 

high loads 
5,7,9 (1stset) 
 or 
6,7,8,9 (2nd set) 

100 4.0% 7.3% -14.6% 7.5% -27.0% 
Note: +ve bias is an over-estimate (too steep), -ve is an under-estimate (too flat) 

 
Table 5: Bias on slope estimate – averaged over 1,000 simulations 

 
 
Table 5 shows how the percentage bias varies on the estimated slope parameter for the four sampling 
designs used and for a range of sample sizes and strengths of relationship models. 
 
Figure 3.6 illustrates for just the first set of simulation runs (using loads of 1, 3, 5, 7 and 9), the 
relationship between sample size and the percentage bias for just the balanced and the adaptive 
designs. It shows that sample sizes of 30 are likely to be needed in order to have any confidence in the 
analysis. It also suggests that the best (zero bias) sample size for the “cover range” set of data is 20 
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and bias increases after this point. This is only relevant, however, if the distribution of the data is 
known to cover the range; it is more likely that the distribution is not known, so a sample size of a 
minimum of 30 is more reliable. 
 
 

3.3 COMPARISON WITH THE CERTAINTY METHOD 
 
Some experimenters in this area have suggested ways (the ‘certainty method’ Mertz et al., 1996 - see 
Section 2.3.3) of artificially increasing the apparent sample size. It can be demonstrated that this 
method artificially generates a dose-response relationship even if random data are used [Hynd et al., 
2000]. It also violates the basic premise for any statistical analysis of not generating data, and it is not 
to be recommended. 
 
An example was computed and compared with a known and estimated response relationship. 
Figure 3.7 shows a single set of ‘raw’ data generated by the simulation of 10 values plus the various 
derived curves. There were two values per load point. 
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Figure 3.7: Example compared to the ‘certainty’ method 

 
 
The estimated logit relationship follows the actual relationship quite closely. The relationship using 
the ‘certainty’ approach generates a much steeper slope. Consequently the 0.5 probability value for 
the ‘certainty’ relationship indicates a load of just over 4, whereas in reality it is 5. The effect of this 
for a fracture versus load curve would be to imply a much higher chance of fracture for lower loads 
than iss actually the case. 
 
In order to establish the confidence interval associated with the certainty method as compared with the 
logit or other approaches further simulations were conducted. These are reported in section 3.5 
together with logit and Weibull fitted survival curves on the same data. 
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3.4 EVALUATION OF THE CONSISTENT THRESHOLD APPROACH 
 
The CT approach, in effect, simply makes the response function monotonically increasing by 
concatenating adjacent load points. Provided that there are enough data points and the interval 
between load values is sufficiently small then a smooth response function is achieved, and it is one 
that will follow the underlying functional form. In practice this may happen without concatenating 
adjacent groups if there are many sample points for each load value, i.e. the sample size is sufficiently 
large. 
 
Simulations for a range of sample sizes (n=10, 20, 30, 40, 50 and 100) were run with a defined 
probability function with alpha=-5 and beta=1 with noise ~N(0,0.2) (i.e. Normally distributed about 
zero with a standard deviation of 0.2). 
 
z = alpha + (beta * load) + noise  Pr(fail) = 1/(1+exp(-z)) 
 
The logit fit was derived for a single case for each sample size. The load applied was in the range 
min=1 to max=9, and an equal number of values were used defining an interval as interval = ((max – 
min) / n) and load values at every (2*interval). An adaptive design was employed where the load was 
increased or decreased by 1 interval value depending if the first value for that load resulted in a fail or 
pass. That is, if the load was 4 on the first trial and failed then the next load was (4-interval), or if it 
passed it was (4+interval). Hence the range of load values covered the whole range and had an 
adaptive element. 
 
The probability that the simulation converged depended on the sample size, see Table 6 below 
(figures based on 1000 replications). 
 

Sample size 10 20 30 40 50 100 
% converge 60.5% 93.1% 99.2% 99.7% 99.9% 100.0% 

 
Table 6: Convergence reached for simulation 

 
 
The convergence of the CT method to the estimated and actual response distributions are shown in 
Figure 3.8 below: 
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sample size=30
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sample size=40
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sample size=50
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sample size=100
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Figure 3.8: Comparison of CT method with logit fit for various sample sizes 
 
 
In the situation when the underlying response curve depends on several mechanisms then it may not 
be ‘S’ shaped and hence a logit curve may not fit very well. This is illustrated by the following 
examples where two mechanisms were operating, i.e. the response relationship was non-Normal.  
 
The first mechanism was a response versus load relationship over the range 1 to 9, the second was a 
mechanism with a very steep response curve at loads very close to 5. The form of the actual 
distribution can be seen in the following two plots Figure 3.9 and Figure 3.10, together with the logit 
fit and the CT fit. The difference between the simulations was in the step interval size used between 
load values, the first used integer values and the second 1/10ths, (one with 1000 simulated values and 
the other with 30).  
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model with force to 0.1 interval, (n=1000)
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Figure 3.9: Comparison of CT method with logit fit and non-Normal response curve (n=1000) 
 
 
In Figure 3.9 it is clear that the CT approach follows the actual curve better than the logit fit, and 
much better when a small load interval size is being used. However a very large sample size was 
simulated and in practice samples are far more likely to be just 20 or 30 cases. 
 
Figure 3.10 shows the results with sample sizes of 30. The CT approach is not better than the logit fit 
and it is unlikely that inspection of the CT fit would result in a decision that multiple mechanisms (i.e. 
non-Normal response curve) were operating. Interestingly using integer points for the load produced a 
better fit than when allowing non-integer values, this is probably because there were at least 3 or 4 
values per load point, i.e. the design was more efficient. 
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sample size=30, dual mechanism (random loads)
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Figure 3.10: Comparison of CT and logit fit with non-Normal response curve (n=30) 
 
 
The CT approach can only be more helpful than a logit/probit fit if the underlying injury mechanism 
is multi-faceted. In the case of an underlying response curve which follows the Normal 'S' curve then 
using a parametric approach is preferred because of the inferences that can then be made. It is 
noticeable that the CT approach will tend to under-estimate the probability of injury for low load 
values and over-estimate for higher load values. 
 
Provided that the responses are informative, i.e. in the 10%-90% response area, and cover the load 
range in a reasonably adequate way (small intervals spread across the range), and there are sufficient 
numbers - then a logit/probit model is best if the response distribution is 'S' shaped, but if multiple-
mechanisms are operating then the CT approach will better reproduce the response curve. However, 
large sample sizes are required in order for the CT approach to be of real benefit in determining that 
the response relationship is clearly non-Normal. 
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The usefulness of a statistical test (Kolmogorov-Smirnov) to compare a logit/probit response curve 
with the CT derived curve depends on the number of data points available. This was used for a range 
of simulations using different sample sizes. There have to be large samples (e.g. n > 40) for 
reasonable size differences to be statistically significant. Hence with small samples, a comparison 
with the CT and parametric curve is not going to help with any decision process on which method to 
choose. Further, the confidence interval on the CT (or parametric approach) will be large if the sample 
sizes are small or not very informative. 
 
 

3.5 EVALUATION OF SURVIVAL ANALYSIS APPROACH 
 
It has been suggested that data from experiments investigating injury risk may be analysed as survival 
data, i.e. the load applied is analogous to ‘time’ in classical survival data. Survival curves will always 
monotonically increasing, i.e. as time increases so does the probability of failure, whereas dose-
response relationships are also usually monotonically increasing but need not be – so there is a 
fundamental difference in the underlying assumptions.  
 
If injury risk data are considered as ‘survival data’ then the ’time’ will be right-censored for any 
specimens which do not fail, i.e. they were tested at a load which was insufficient to cause a fracture 
and they are only tested once. It could also be argued that those that do fail may be left-censored 
because the exact time of failure is not known: it failed at or before the current load. However the 
survival analytical approach will assume that if it fails then the failure point is known. It could have 
failed at a lower load but was never tested at that point and to be tested at the higher load then it must 
have survived at the lower value. 
  
It is worth considering this further. If the ‘time to fail’ is thought of as being left-censored, then what 
does this mean? An argument is that the load applied is not instant and hence the specimen 
experiences an increasing load until it fractures. Sometimes an exact failure point can be estimated, 
but generally it is not known when the fracture occurs and the load continues to increase even after 
the specimen has fractured due to the presence of multiple load paths. 
 
What is more usual in survival analysis is for subjects (specimens) to be tested at regular intervals. It 
is then known that they have survived at a certain point in time but have died by the next inspection 
time, so the data may be left-censored. There also may be late entries, i.e. left-truncated, or subjects 
could leave the study before dying, both are concepts that cannot apply with dose-response data,. 
Using dose response data as survival data means that the survival analysis procedure assumes the 
specimen did not fail at the earlier load point. This is an assumption that cannot easily be defended – 
because they were not tested at other than the one load point. A survival analysis of dose response 
data assumes that the specimen failed at the load point it was tested at or was right-censored if it did 
not fail.  
 
It may be helpful to compare diagrammatic representations of the usual survival data and dose-
response data. Figure 3.11 shows a typical survival situation, there are 9 cases in total, two of which 
join the study late. Five cases fail before the end of the study and 4 survive. There are thus 4 right-
censored cases and 2 left-truncated, the survival time for those that fail will probably be known 
exactly or perhaps left-censored.  
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Figure 3.11 Representation of survival data 

 

 

Figure 3.12 Representation of dose-response data 

 
Figure 3.12 shows a typical dose-response situation, again for 9 cases. However, cases are only 
known about at the time they are tested. They either fail or not at the load applied. The concept of 
late-entry cannot apply. The 3 cases that do not fail are right-censored. The 6 cases that fail may be 
left-censored in that they fail at a specific load point and it is not known if they may have failed 
earlier (hence the ‘dotted line’ leading to the point when they were tested), however the extent of 
censoring is not known and they are treated as if the exact load is known (which is not necessarily the 
case in a ‘traditional’ survival analysis study). In the above figure, the percentage failing at different 
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load points can be estimated, i.e. 0% for load=2, 50% for load=4, 75% for load=6 and 100% for 
load=8. 
 
Accepting that there are some questions over the applicability of using survival analysis techniques to 
dose response data, it is still of interest to compare the results from an analysis of the same set of data 
using survival and the ‘classical’ approach. As such, the Weibull distribution was fitted to some 
generated data as was the use of the logit model and the ‘certainty method’. 
 
Simulations of a known dose response relationship were run, and generated data sets with 36 records. 
There were 4 records at each of 9 integer load values with values from 1 to 9. The simulation was 
repeated 100 times and the parameter averages were calculated. The following plot shows the actual 
dose response curve, the logit fit, the ‘certainty method’ fit and the Weibull fit (assuming that the data 
were right-censored).  
 
It is clear from Figure 3.13 that the average logit function fit reproduces the actual dose response 
relationship very well. As usual, the ‘certainty method’ generates a steeper dose relationship curve. 
The survival function curve has basically the same shape as the actual curve.  
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Figure 3.13: Comparison of certainty and logit fit with non-Normal response curve (small load 

intervals) 
 
The parameter averages from range of solutions derived during the 100 simulations was used to 
construct an ‘average’ solution. The standard deviation of the parameter estimates has also been used 
to construct the 95% confidence interval in which the solutions fitted; these are shown in Figure 3.14 
for the logit, ‘certainty’ and Weibull fits. 
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Average over 100 simulations - with 95% CI
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Figure 3.14: Average fit to a known dose response with the associated 95% confidence interval 

 
There does not seem to be any advantage in using a survival curve to fitting the usual logit model, 
they both reproduce the actual dose-response relationship very well (sample size of 36). The 95% 
confidence intervals are all very similar in size, even for the ‘certainty’ method which is somewhat 
steeper than the actual curve and the other solutions.  
 
As was mentioned above, the Weibull survival curve will always be monotonically increasing. This is 
logical, given that any subject in the trial must be alive on entering the trial and may die sometime 
later. However, dose-response relationships could be negative, i.e. it may be that in some experiment 
it just happens that stronger ones are tested at higher loads – giving a weak but negative dose-response 
relationship. This will be reflected in a fitted logit model, but not by a Weibull fitted curve or the CT 
approach. This illustrated in a simulated weak but negative dose-relationship model, see Figure 3.15. 
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Figure 3.15: Weak but negative dose-relationship model, showing how the Weibull curve is still 
positive 

 



APROSYS Project Review of Injury Risk Calculation Techniques – FINAL  
AP-SP51-0036 

AP-SP51-0036  40/50 

How the Weibull model handles a dual-mechanism for the dose-response relationship has been 
investigated with an analysis of a single simulation. The analysis generates the models as seen in 
Figure 3.16.  
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Figure 3.16: Fitting survival curve, CT and logit to non-Normal dose-response relationship 

 
This test of a survival model on a non-Normal response relationship found that the Weibull model 
reproduces the lower half of the actual response curve, but is very poor for the upper half. It cannot 
handle the dual mechanism or reproduce the non-Normal underlying relationship. However, neither 
does the logit model or the CT approach. This illustrates the inadequacy of existing parametric 
techniques for handling risk curves generated with multiple injury mechanisms. If each mechanism 
could be identified then they could be separately modelled and then combined to produce a better 
representation of the actual underlying risk curves. 
 

3.6 EVALUATION OF ‘EXACT’ STATISTICAL METHODS 
The usual approach for estimating the parameters in a logistic regression is to use an asymptotic 
method maximising an unconditional likelihood function (the maximum likelihood method). 
However, it is possible to use ‘exact’ methods1 to determine the parameters, which can be useful for 
small or unbalanced data sets where usual methods may be unreliable. Even with ‘exact’ methods 
there can be difficulties in finding solutions; in this case, the ‘exact’ software automatically adopts a 
second, less robust, approach to be adopted to find a solution. Any requirements on the data to do with 
censoring, independent observations and so forth that apply to the asymptotic method will also apply 
with the ‘exact’ method. 
 
A simulation of 100 sets of data was run using exact methods as well as the usual asymptotic 
approach. They were based on the model defined in Section 3.4 (sample size of 36, with 4 ‘tests’ at 
each of load points 1 to 9), with intercept of -5 and slope of 1, and assumed a Normally distributed 
error with mean of 0 and standard deviation of 3. The parameter estimates were averaged and define 
the following models, which are shown, together with the actual line in Figure 3.17: 
 
Actual  y = -5 + 1.0 * load 
 

                                                      
1 An exact method bases the inference on exact permutational distributions of the sufficient statistics 
corresponding to the regression parameters of interest conditional on fixing the remaining parameters at their 
observed values. It thus does not depend on strong underlying distributional assumptions. 
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Asymptotical: y = -5.59 + 1.11 * load 
 
Exact:   y = -4.50 + 1.08 * load 
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Figure 3.17: Comparison of mean exact and asymptotic logistic regression response curves 

 
It can be clearly seen that in Figure 3.17 the asymptotic method line follows the actual line closely, 
whereas the exact method line does not. This may be a function of the simulations conducted (i.e. 
because the sample used was balanced or because it was of moderate size), but examination of the 
individual results suggest that the exact method nearly always generates smaller absolute parameter 
values than the asymptotic approach. 
 
The slope parameters are not statistically significantly different from each other. However, the 
intercept parameter estimate for the ‘exact’ method is statistically significantly different from the 
actual value. Confidence intervals for the parameters are larger for exact methods than for the 
asymptotic method even though the exact method standard errors were generally smaller. The test 
performed to determine whether the parameter values are significantly different from zero gives small 
p-values (p<0.01) for both parameters using both the asymptotic method and the ‘exact’ method, 
suggesting that all parameters are statistically significantly different from zero. The p-values tended to 
be slightly smaller for the ‘exact’ method. 
 
Only 2% of the estimation analyses failed to converge when using the asymptotic approach. 
Convergence was achieved in 100% of the ‘exact’ simulations; however, 34% of intercept and 2% of 
the scale parameter estimations needed to use the less robust solution approach within the ‘exact’ 
method in order to reach convergence. There was no evidence that using the less robust approach 
affected the average parameter values. In other words, the mean curve for all the more robust ‘exact’ 
results was very similar to the mean curve for all the ‘exact’ solutions combined. 
 
The overall conclusion from this limited simulation is that the usual asymptotic approach produces an 
average line which is very close to the actual line, whereas using an exact method seems to produce a 
bias. However, this finding may change if smaller or less balanced samples were investigated where 
exact methods may be more justified. Hence, provided that a reasonable sample size has been used 
and the experiment adequately covers the load response range then there is no need to consider using 
exact methods. It may be worth considering the ‘exact’ method if a much smaller sample size or an 
unbalanced sample was to be analysed. 
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3.7 CONCLUSIONS AND RECOMMENDATIONS 
 
A number of key findings have emerged from these simulations: 
 
·  It is important to design a trial such that the probability of the outcome (e.g. leg fracture) is 

informative, i.e. in the range 0.1 to 0.9. Only then will the trial results provide information. 
Information is required to facilitate the estimation of the response model, i.e. there is not much 
value in using load/deflection values where the probability of failure or non-failure is very low. 

·  Using an adaptive design, where randomly selected pairs of subjects (e.g. legs) are available 
and the load applied to the second of the pair is conditioned by the outcome to the first of the 
pair – can increase the likelihood of obtaining a convergent solution. However, if the data 
points are only in the middle of the response range (or non-existent) the parameter estimates 
may be biased especially with small samples. 

·  Using loads that obtain responses in just the low failure or just the high failure regions of the 
response curve will generate biased parameter estimates, and the chance of the solution 
converging is generally much reduced. The exception being for small sample sizes when the 
design uses data points in just the centre of the response range or the relationship is non-
existent, because even a small sample is adequate to show a lack of relationship. 

·  If there is a non-existent load response relationship, in the range of interest, then small sample 
sizes (n = 20) will be adequate to show this.  

·  It is better to have a spread of load points rather than focus on just a few load points, this 
generally will provide a better representation of the ‘actual’ response curve. 

·  Generally samples of 40 or more, in the response range, will produce analyses that converge 
80% or more of the time and where the slope bias is likely to be 10-15% or less. 

·  The certainty method should not be used; it generates relationships that the underlying data (or 
model) cannot support. It will produce a relationship even when one does not exist and a 
stronger one when a weak one does exist. Its use can mislead. 

·  The consistent threshold method will reproduce the underlying response relationship provided 
sufficient data points are available. It will always produce a monotonically increasing response 
curve. However, it does tend to under-estimate the probability of injury for low values and 
over-estimate for higher values. If the underlying response curve is clearly non-Normal then the 
CT approach will not mislead, whereas the logit/probit model could. The consistent threshold 
method is, however, a non-parametric approach and so it may not be so easy to use in order to 
estimate specific probabilities of interest. 

·  Use of survival curves raises some fundamental questions on the appropriateness of the 
technique given the required assumptions, i.e. survival analysis techniques usually assume the 
specimen is known about at the start of the trial and inspected at intervals, not just once. The 
question of how to handle censoring thus needs consideration. However, it was demonstrated 
that using right-censoring with the Weibull distribution reproduced the ‘known’ dose 
relationship very well, albeit with no real advantage over using a logit model. 

 
 
Overall, it is recommended that sample sizes should be at least 30-40 and the spread of load values 
should cover the 0.1 to 0.9 probability of response range. Adaptive sampling strategies using sample 
pairs can improve the efficiency of the trial (the samples should not come from the same PMHS, i.e. 
not matched pairs). 
 
The following steps should be considered when planning, conducting and using the result from a 
study: 
 

1. Sample Size – as large as possible, preferable > 30 

  Range of values – cover the 0.1 to 0.9 probability range of responses as 
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well as can guesstimate 

  Interval size between loads – as small as possible, consistent with 
covering the required range of load values for given sample size 

2.  Design Load values a) – spread half of the sample load values evenly within the 
range of interest, i.e. balanced across range of interest 

  Load values b) – use a load value that depends on the outcome of a 
previous trial, increasing or decreasing the value by ½ the interval size 
being used depending on the outcome 

  Select samples at random for each load point 

  Use the same ‘test-rig’ for all experiments, but if this is not possible 
ensure that rig/laboratory effects are not confounded with treatment (load) 
levels 

3. Analysis Fit logit/probit model – allow for covariates if necessary (i.e. relevant and 
available) 

  Fit consistent threshold model – can always be used if parametric model 
does not converge 

  Compare results and conduct formal test (K-S) 

  Consider if there are any reasons why multiple-mechanisms may be 
operating such that the response curve is non-Normal 

4. Results Accept logit/probit model unless there is clear evidence that multiple 
dose-response mechanisms are operating, otherwise accept CT model 

  Determine 95% confidence interval on response curve 

  Do not extrapolate much (if at all) beyond the range of load values used in 
the experiment 

  Be aware that there may be bias in the estimates; indications of the likely 
level of bias have been simulated in this paper. It is desirable to simulate a 
known relationship using the experimental design employed in order to 
determine the level of bias that may occur. 

  Make a ‘reality check’ on any estimates, the models derived etc., i.e. do 
not accept blindly 

 
 



4 Conclusions and Recommendations 

 
Parametric Distributions 
·  Parametric methods assume an underlying response distribution and it essential that the 

assumed distribution is reasonable. For data sets incorporating a single injury mechanism, such 
as rib fracture through direct contact with the door, this may be expected to be reasonable. 
However, the assumption of an underlying distribution may not be reasonable for data sets that 
include multiple injury mechanisms. 

·  It is not possible to demonstrate the benefit of one parametric distribution over another for most 
biomechanical data sets. An exception may exist in studies with a large amount of data or in 
cases where the injury type changes as a function of stimulus level (i.e. where the risk curve is 
potentially discontinuous) 

·  Parametric methods will be relatively insensitive to the accuracy of the assumptions about the 
underlying population (for instance, of a Normal distribution) for samples sizes greater than 30 
[Walpole and Myers, 1993]. On this basis, there would be a great deal of benefit to using 
sample sizes greater than 30. 

·  If a parametric test and a non-parametric test are both applicable to the same set of data, the 
more efficient parametric method should be used [Walpole and Myers, 1993]. 

 
Non-parametric Methods 
·  The Consistent Threshold (CT) method (or other non-parametric methods) may be useful for 

confirming the suitability of a chosen distribution, but the method needs quite a large sample 
size in order to be able to make a useful judgement on this. 

·  The CT method can be used for actual or censored data sets and a simplified form is available 
for entirely censored data. 

·  It has been noted [Kent and Funk, 2004] that ‘a non-parametric model, while the best 
representation of the data at hand, is not necessarily the best representation of risk for a larger 
population since it underestimates injury risk at the low end and overestimates risk at the high 
end.’ 

·  The loss of power in non-parametric methods, compared with parametric methods, means that 
larger sample sizes are required for non-parametric studies [Bland, 2000; Walpole and Myers, 
1993]. 

·  It may be useful to undertake a non-parametric analysis, such as the CT method, for all data 
sets: if the resulting risk function is not smooth this can demonstrate that the data set is too 
small and should be enlarged. 

 
Survival Analysis 
·  Use of survival curves raises some fundamental questions on the appropriateness of the 

technique given the required assumptions, i.e. survival analysis techniques usually assume the 
specimen is known about at the start of the trial and inspected at intervals, not just once. The 
question of how to handle censoring thus needs consideration. However, it was demonstrated 
that using right-censoring with the Weibull distribution reproduced the ‘known’ dose 
relationship very well, albeit with no real advantage over using a logit model. 

·  Survival analysis could be used, and there seems to be a clear benefit in doing so if the 
experiment can be designed to generate entirely (or primarily) actual (uncensored) data. 

·  However, the method provides no check on the validity of the input data and it is entirely 
possible to generate a reasonable-looking injury risk function from highly biased data. One 
benefit of using other methods (parametric or non-parametric) is that any problem with the data 
should be obvious. 
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Empirical Methods 
·  These are not based on statistical theory and generate relationships that the underlying data (or 

model) cannot support. 
·  Empirical methods should not be used for regulatory or consumer assessment protocols. 
 
Dummy-specific Injury Risk Functions 
·  The development of dummy-specific injury risk functions is recommended, as they are more 

tolerant of the imperfect biofidelity of the dummy. 
·  Developing dummy-specific injury risk functions effectively always gives censored data sets 

for analysis. 
 
Sample Size 
·  You can get a statistically significant result with just 20 tests, but the result is likely to be 

biased and to be sensitive to an inaccuracy in the assumptions about the underlying distribution 
of the population from which the sample has been taken. A sample size greater than 30 will 
generally reduce the bias and reduce the sensitivity to inaccuracies in the assumptions made. 

·  Generally samples of 40 or more, in the response range, will produce analyses that converge 
80% or more of the time and where the slope bias is likely to be 10-15% or less. 

·  If there is a non-existent load response relationship, in the range of interest, then small sample 
sizes (n = 20) will be adequate to show this. 

 
Experimental Design 
·  It is important to design a trial such that the probability of the outcome (e.g. leg fracture) is 

informative, i.e. in the range 0.1 to 0.9, i.e. there is not much value in using load/deflection 
values where the probability of failure or non-failure is very low. 

·  Using an adaptive design, where randomly selected pairs of subjects (e.g. legs) are available 
and the load applied to the second of the pair is conditioned by the outcome to the first of the 
pair – can increase the likelihood of obtaining a convergent solution. However, if the data 
points are only in the middle of the response range (or non-existent) the parameter estimates 
may be biased especially with small samples. 

·  It is better to have a spread of load points rather than focus on just a few load points, this 
generally will provide a better representation of the ‘actual’ response curve. 

 
Confidence Limits 
·  With existing small data sets, wide confidence limits (i.e. very low confidence in the injury risk 

curve) may have to be accepted or it may even be that no valid injury risk curve can be derived 
from the data. The only robust option is to add to existing data sets to increase the amount of 
data and the confidence in the result (or to achieve a statistically significant result). 

·  Wide confidence limits have particularly important implications for cost-benefit studies - if the 
true injury risk curve is near the confidence limits (or beyond), rather than near the mean curve, 
then the actual benefit will be very different to predicted benefit. This suggests that it may 
sometimes be appropriate to undertake larger studies (e.g. 30 specimens) if the injury risk 
functions developed are intended to be used in Regulation. 
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7 Appendix A: Mertz/Weber Method 

 
The Mertz/Weber method was first published in Mertz and Weber [1982] and has been used in the 
literature, e.g. Prasad and Mertz [1985]. The description below is taken from Mertz et al. [1996] 
 
‘The Mertz/Weber method is a simplification of the Median Rank method that is used to estimate the 
cumulative distribution function for the life expectancy of samples that have been tested to failure 
(uncensored data). For the Median Rank method, the uncensored threshold failure values are rank-
ordered and an integer failure number is assigned to each value; the lowest failure being assigned 1, 
the next lowest being assigned 2, and so, with the highest failure value being assigned N, which is the 
number of samples tested. Using a table of Median Rank values or the approximate formula, p = (j - 
0.3)(N+0.4) where j is the failure number and N is the number of samples tested, a Median Rank 
value, p, is determined for each threshold value. The pairs of threshold values and corresponding 
Median Rank values are analysed, either analytically or graphically, to determine the cumulative 
distribution function that best fits these values. 
 
‘Mertz/Weber noted that for data sets that contain only right-and left-censored values it made no sense 
to rank-order the values and assign Median Ranks to each value, since it was highly unlikely that the 
specimens would be ordered according to their actual thresholds. Consequently, there was absolutely 
no assurance that the resulting distribution of measured values and corresponding Median Rank 
values would have any relationship to the actual threshold failure distribution of the sample. 
 
‘They proposed to modify the Median Rank method by rank ordering only the values starting with the 
lowest value associated with specimen failure (the weakest known specimen) and ending with the 
highest value associated with specimen non-failure (the strongest known specimen). Median Ranks 
were assigned to the values of this subset of the sample. While it still made no sense to determine the 
cumulative distribution function for this subset, Mertz/Weber noted that the values associated with 
end points of the subsample could be used as estimates for the failure thresholds and corresponding 
Median Ranks for the weakest and strongest specimens in the subsample. Furthermore, they noted 
that if the form of the cumulative distribution function was known a priori, and if it was characterized 
by two constants, then these end points and their corresponding Median Ranks could be used to 
determine values of the two characteristic constants and provide an estimate of the cumulative 
distribution of the failure thresholds for the tested specimens. 
 
‘They noted that the accuracy of the method is dependent on having knowledge of the form of the 
cumulative distribution function and the ability of the investigator to conduct tests to determine the 
weakest and strongest specimens of the sample. An important feature of the method is that the actual 
failure threshold distribution of the tested specimens does not have to match the failure threshold 
distribution of the population which is assumed a priori. This allows the investigator to select and test 
specimens to obtain estimates of the threshold values for the weakest and strongest specimens.’ 
 
 
 


